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Figure 4.13: Boxplots of σ̂2
η for data with μ = 0, σ2 = 1, σ2

η = 0.5, p = 0.1, and

q = 0.9. The top panels are methods applied to Gaussian data with σ2
θ = 1

(top left) and σ2
θ = 10, (top right). The same procedures are implemented

on asymmetric Laplace data with σ2
θ = 1, σ2

θR
/σ2

θL
= 1 (bottom left) and

σ2
θR

/σ2
θL

= 10, (bottom right).
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Figure 4.14: Boxplots of σ̂2
θ for simulated data with μ = 0, σ2 = 1, σ2

η = 0.5,

and σ2
θ = 20. The top left panel refers to Gaussian data with p = 0.1, q = 0.9,

the top right with p = q = 0.5. The bottom panels are the asymmetric

Laplace fits on data generated from the asymmetric Laplace model with

σ2
θR

/σ2
θL

= 10. The bottom left panel corresponds to the estimated values of

σ2
θL

and the bottom right panel to σ2
θR

. The true values are represented by

solid horizontal lines.
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Figure 4.15: Profile plot of simulated data with parameters μ = 0, σ2 =

1, σ2
η = 0.5 σ2

θ = 10. Experimental error, ηvct, and measurement error, εvctr,

are sampled from Student’s t distribution with 5 degrees of freedom.

4.5 Heavy-tailed errors

In order to study the efficiency of the clustering procedures in the presence of

outliers we apply our clustering methods on data having Gaussian effects but

with experimental errors, ηvct, and measurement errors, εvctr, coming from a

Student’s t distribution with 5 degrees of freedom, t5. The t5 distribution is

scaled to have variance σ2
η for the experimental error layer, and σ2 = 1 for

measurement error. We consider only p = q = 0.5. Hence, the simulation

results in Table 4.10 and Figure 4.16 are comparable with these in Table 4.6

and Figure 4.4. The profile plot of data with errors generated from Student’s

t5 distribution is given in Figure 4.15.

The effectiveness of clustering procedures for t5 data, shown in Table 4.10,

follows similar pattern as for the Gaussian case in Table 4.6. However, clus-

tering procedures with high signal-to-noise ratios σ2
θ/σ

2
η implemented on the

heavy-tailed data yields greater losses in terms of both misclassification and

trivial losses comparing with the data generated from the Gaussian model.

This is due to outliers; however, the losses are not very different. We con-

clude that our clustering procedures are not very sensitive to heavy-tailed

errors. From Figure 4.16, we deduce that our proposed methods are still
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significantly preferable to MCLUST applied on principal components.
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4.6 Correlated Observations

In Sections 4.2, 4.3 and 4.5 we studied the performance of clustering pro-

cedures for data generated from the Gaussian effects model, asymmetric

Laplace effects model and also when errors are generated from Student’s

t distribution. In the previous studies we considered independent variables,

replicated observations, and the existence of an experimental error hierarchy.

In this section we break all these assumptions and sample data from a model

that MCLUST is designed to handle. We activate two variables and apply

MCLUST twice, once on bivariate data, M∗, and once on data projected

using principal components after adding noise variables, M . Projecting data

loses clustering information (Chang, 1983), so the amount of information

lost by projection can be seen by comparing M with M∗. All of our proposed

approaches are applied on noisy data and unreplicated observations, that is

Rct = 1. Data are generated as follows. Unlike previous sections that ran-

domly sampled the number of clusters, here the number of clusters is fixed

to 3, generated on two variables. The first cluster is centred at Δ× (−1,−1),

the second at (0, 0), and the third at Δ × (1, 1). The scalar parameter Δ

is a measure of difficulty of clustering, chosen to be 3 or 6 for moderately

or completely separable clusters. The observations inside clusters are gen-

erated independently with the above mentioned means, unit variance, and

correlations equal (0, 0, 0), (−0.9, 0, 0.9), and (−0.9,−0.9,−0.9). Digits inside

parenthesis refer to correlation of the first, the second, and the third clus-

ter respectively, see Figure 4.17. Overall 40 observations are generated and

distributed in three non-empty clusters according to a uniform multinomial-

Dirichlet law. This produces the data to which the MCLUST method is

applied, denoted by M∗. Then 48 variables are sampled independently from

a standard Gaussian distribution, yielding noisy datasets that other proce-

dures are applied to. In order to see the effect of adding noise variables, an

independent simulation is implemented with 98 noise variables.

According to Table 4.11, the MCLUST method implemented on projected

data is the worst strategy in all cases using both loss functions except when

Δ = 3 and ρ = (−0.9,−0.9,−0.9) when method L is the worst technique,

caused by inefficient estimation of parameters. When all correlations equal
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zero, the performance of our proposed methods is very close to M∗ and

sometimes better. The loss values are smaller when the three clusters are

generated with equal and strongly negative correlation (−0.9,−0.9,−0.9).

The reason is that when all correlations are strongly negative, the clusters

are more separated, that is, if one calculates the average Mahalanobis dis-

tance between centre of clusters, it is highest when the correlations are all

equal −0.9. When data are completely separable, Δ = 6, often our proposed

methods are preferable to M and M∗. However, comparing our approaches

with M∗ is unfair because M∗ uses the true active variables which in practice

are unknown.

Figure 4.18 shows bar charts for different values of ρ and Δ. The active

variables are chosen to be the ones having positive log B10
v of the Gaussian

variable selection model (Gvs). Figure 4.18 proposes that the distribution of

the estimated number of active variables is right-skewed having a mode equal

2. When Δ = 3, then in about 70% of cases the right number of variables,

2, is reported and changing the correlation structure does not affect the

result much. When Δ = 6 in about 90% of cases two clustering variables

are reported. Therefore we conclude B10
v is a measure for finding important

clustering variables, but tends to over-estimate the number of active variables

too.

The simulation results of this section show that our clustering procedures

are as efficient as MCLUST, even after adding a lot of noise variables, con-

firming that our approaches are able to extract useful clustering information

which is dense in few variables. We conclude that without knowing the ac-

tive variables they perform almost as well as MCLUST applied to the true

useful variables. Furthermore adding 98 noise variables instead of 48 gives

a similar performance; compare Tables 4.11 with 4.12. In addition in both

tables, methods G0.01
p , G0.05

p , L0.01
p , and L0.05

p perform relatively well, because

the tuned value of p is close to the true value. It is hard to estimate the

model parameters, especially p, which plays a crucial role in clustering, when

a very large number of noise variables are added, so our approach may give

poor results in such situations. Therefore fixing q = 1 and tuning p may be

effective.
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4.7 Summary

From the simulations discussed in this chapter, we conclude that

• Our Gaussian and asymmetric Laplace procedures are more efficient

than MCLUST applied on two principal components.

• They are similar to MCLUST implemented on the true active variables

and sometimes better, even after adding a lot of noise.

• The proposed methods are relatively robust to outliers (Table 4.10) and

the assumption of independence of variables (Tables 4.11 and 4.12).

However, their performance is affected by poor parameter estimation,

as often happens for the asymmetric Laplace effects model.

• For fixed model parameters, the Gaussian and asymmetric Laplace clus-

tering are similar, confirming that the mixing distribution is not very

important.

• Estimating the proportion of active variables, q, is hard (Figure 4.11),

but it does not affect the clustering performance, because fixing q helps

a more precise estimation of the remaining parameters. One may fix

q = 1, then estimate or tune p to a reasonable value and get convincing

results. However, the resulting clustering is sensitive to a wrong choice

of p (Tables 4.6 and 4.9).

• Situations with the number of noise variables more than 100 are not

considered in simulations because it is hard to estimate the model pa-

rameters; we do not propose our clustering methods in such cases,

unless crucial parameters, such as p, are appropriately tuned.

• Finding important clustering variables using the Bayes factor B10
v is

an effective method and is robust with respect to the independence

assumption of variables, but may over estimate the number of active

variables.
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Chapter 5

Conclusion and Discussion

This research shows usefulness of a random effects parametric linear model

for clustering high-dimensional observations using a Bayesian approach. The

contribution of this work to clustering is the proposed model. However, the

linear models especially the fixed effects models are old and well-studied mod-

els (Rao, 2001; Graybill, 1976), reabsorbed attention in the recent decades

and found to be useful in analysing high-dimensional data (Efron et al., 2004).

Our proposed model can be generalised in various ways, but this may

disturb the analytical tractability of the marginal posterior and consequently

the implementation of a fast clustering approach may not be easily feasible.

Statistical inference using random effects models (Searle et al., 1992) and

mixed effects models (McCulloch and Searle, 2001) also is well-developed,

widely discussed and their theory is well-established. It is known that the

maximum likelihood estimators, especially the variance components, are sen-

sitive to the assumed mixing distribution (Heckman and Singer, 1984), so

Laird (1978) proposed parameter estimation using nonparametric maximum

likelihood. In our simulations we found that even if a right distribution is

assumed for the mixing components, it is sometimes difficult to get the max-

imum likelihood estimates for certain mixing distributions. Therefore one

direction of continuing this research could be the estimation of the param-

eters using nonparametric maximum likelihood. However, if the parameters

are estimated in a distribution-free manner it is not straightforward to es-

tablish a fast clustering method that incorporates variable selection with no
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assumption on the distribution of mixing components. This may be regarded

as another direction for future developments.

The parameters of our suggested models are estimated using maximum

likelihood. However, the estimation may become difficult when a few clus-

tering variables exists in data or distributional assumptions are wrong. In

order to help the optimisation routine, one may tune a few of the parameters

and estimate the others. Our experience with different datasets shows once

reasonable parameters are chosen, the clustering result is convincing.

One way of generalising the variable selection model (2.14) is selecting

a group of variables by including another Bernoulli variable. However, we

believe it will be more difficult to estimate the model parameters for such

models.

Another way of generalising model (2.14) is by selecting variables using

the cluster variance as well as the cluster mean, that is assuming a mixture

distribution for the measurement error variance or the experimental error

variance. In high dimensions often a small subset of variables are useful for

clustering and variables that are useless according to the first moment (mean)

are rarely useful according the second moment (variance). Furthermore, low

sample sizes often do not allow a reliable estimation of covariance matrix even

for the effective variables. We believe for high-dimensional data incorporating

variance complicates the model and slows down the clustering procedure, but

does not improve the clustering result considerably.

The proposed linear model is useful for clustering continuous data and

can be generalised for clustering categorised data through the generalised

linear models. However, it is not trivial to obtain closed form joint poste-

rior densities for generalised linear models. Therefore, fast clustering is not

straightforward and needs more research.

Sometimes genes are transcribed or metabolites are analysed during a spe-

cific period, hence time-dependent and high-dimensional data are produced.

It would be interesting to investigate if a similar approach can be applied to

cluster time series data and choose relevant variables simultaneously.

Stochastic optimisation methods such as Markov chain Monte Carlo are

not discussed in this thesis because according to our experience for low sample

sizes, dendrograms provide a good approximation to the posterior mode, but
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creating an efficient Markov chain to explore the space effectively is not

easy. Even if so, stochastic search provides no visual guide to other possible

groupings.

Simulations shows that if model parameters are reliably estimated, the

parametric distribution of the mixing components has a little effect on clus-

tering result but there is no theoretical argument explaining why this hap-

pens. Similar results is reported in Bhowmick et al. (2006) in classification.

Therefore research on robust model parameters estimation in clustering is de-

manded. More theoretical studies are also required about sensitivity of the

clustering result to a different parametric choice of the mixing distribution.

Clustering is an old data analysis technique but there are few theoretical

discussions on it (Hartigan, 1985), maybe because it is hard to study the

data grouping as a mathematical object. Model-based clustering by mix-

ture modelling was started few decades ago (McLachlan and Basford, 1988),

but statisticians have recently regarded the data grouping as a statistical

parameter to be estimated.

We do not have a well-established asymptotic theory for a clustering

method. Even if we have such a theory for a particular clustering procedure,

often such a theory is useless for high-dimensional-low-sample-size situations

due to overfitting; an example is the study of Bickel and Levina (2004) in

classification. The asymptotic result must be adjusted for the cases that

dimension increases with sample size and this might be regarded as another

direction of the future theoretical research in model-based clustering.

Penalisation using the L1 norm, the lasso of Tibshirani (1996), is found to

be useful for high-dimensional regression and classification (Park and Hastie,

2007). High-dimensional clustering using the L1 penalisation is proposed

by Wang and Zhu (2008), but they loose the tree representation of cluster-

ing. Their method is not automatic and appropriate choice of the penalising

constant is troublesome.

The clustering algorithm provided by this thesis is slow if the number

of clustering subjects exceeds 500 subjects, which is rare in metabolomic

and gene studies. The algorithm becomes slow when the number of sub-

jects increases because the dissimilarity measure, the marginal posterior, is

calculated using the original data. In order to provide a computationally
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efficient method one should apply a Lance-Williams type formula (Maechler

et al., 2005) for a model-based dissimilarity measure. That is evaluating the

dissimilarity measure for the next step of hierarchical clustering using the

previous dissimilarity values, preferably a linear combination of the previous

values with fixed coefficients. Bayesian models that provide such efficient

clustering algorithms have not been discussed.

Ensemble methods such as boosting and bagging have been proposed to

aggregate individually weak classifiers in order to obtain a more precise clas-

sifier. However, it is not clear how one can implement ensemble methods

in clustering because usually there is no information available about mis-

classified observations after grouping. Research on application of ensemble

methods in clustering has been recently started (Domeniconi and Al-Razgan,

2009).

The clustering algorithm proposed in this thesis uses a linear model with

disappearing random effect components. Linear random effect models have

already been suggested for Bayesian clustering (Heard et al., 2006). How-

ever appearance of the random effects in our model is controlled by Bernoulli

variables at two levels, the variable-cluster level, and the variable level. The

Bernoulli variables can be used to quantify the importance of the variable-

cluster and variables after fitting the model. As a consequence of our pro-

posed models, the marginal posterior density is analytically tractable and is

a convex combination of two densities, a density that guides the clustering

and another which down-weights the effect of useless variables. This is why

our clustering method is resistant to noise.

We are not the first to propose introducing Bernoulli variables to imple-

ment Bayesian variable selection in clustering. Kim et al. (2006) and Tadesse

et al. (2005) also suggested this method, but the marginal posterior of their

models is intractable. Consequently their model parameters cannot be es-

timated using data. Furthermore, their approach requires reversible jump

Markov chain Monte Carlo and hence is slow to fit. The dendrogram repre-

sentation, which usually practitioners are interested in, is not straightforward

either.

The provided methodology in this thesis is automatic, simple, fast, and

can sort variables according to their contribution in forming clusters. Our
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clustering algorithm has two main advantages. The first is giving an impor-

tance measure for variables which can be re-expressed in probability terms.

The second is producing dendrograms with probabilistic interpretation. The

only competitive clustering method that is fast and gives the variable impor-

tances, is the COSA of Friedman and Meulman (2004). However the COSA

is not automatic and lacks a probabilistic interpretation for its dendrogram

and its variable importances.

The clustering prior used in this thesis prefers small number of clusters

and is exchangeable. Booth et al. (2008) argue that the prior proposed

in McCullagh and Yang (2006) enjoys a sort of consistency in addition to

exchangeability and it is feasible to tune a parameter of their prior such that

a small number of clusters is preferred a priori. It would be interesting to

study which prior works better in practice.
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